Let G be a balanced bipartite graph of order 2n and minimum degree (G) 3. If for every balanced independent set S of four vertices in G the neighborhood union jN(S)j > n then G is traceable, the circumference is at least 2n ? 2 and G contains a 2-factor (with one exceptional graph for the latter statement). If jN(S)j > n + 2 then G is hamiltonian.
The investigation of neighborhood union conditions for certain extremal problems was initiated by Faudree, Gould, Jacobson and Schelp 3].
Theorem 1 (Faudree et. al. 3] ) Let G be a 2-connected graph of order n 3.
If for every pair of non-adjacent vertices u and v the neighborhood union Let G be the class of 2-connected graphs, which contain three vertices which do not lie on a common cycle (in particular, these graphs cannot be hamiltonian). This class was structurally characterized by Watkins and Mesner 5] . Answering a conjecture of B. Jackson 4] a rmatively, Broersma, van den Heuvel and Veldman strengthened Theorem 1(a).
Theorem 2 (Broersma, van den Heuvel and Veldman 2])
Let G be a 2-connected graph of order n 3. If for every pair of non-adjacent vertices u and v jN(u) N(v)j n=2; then G is either hamiltonian, or the Petersen graph, or G 2 G.
The purpose of this paper is to investigate a certain neighborhood union condition for bipartite graphs. Let G be a balanced bipartite graphs, i.e. a graph with a bipartition into two independent vertex sets of the same cardinality (if the graph is connected, which is implied by most of our conditions, then the bipartition is unique). We investigate conditions on the neighborhood union N(S) of any balanced independent set S of four vertices, i.e. an independent set containing two vertices from each side of the bipartition. Theorem 3 Let G be a balanced bipartite graph of order 2n with (G) 3. If for every balanced independent set S with jSj = 4 we have jN(S)j > n + 2 then G is hamiltonian.
We conjecture, that the neighborhood union condition can be slightly relaxed.
Let H 14 be the graph depicted in Figure 1 .
Conjecture 1 Let G be a balanced bipartite graph of order 2n with (G) 3. If for every balanced independent set S with jSj = 4 we have jN(S)j > n then G is hamiltonian or G = H 14 .
The following results for the same neighborhood union condition give some support to the conjecture, by showing that graphs satisfying the hypothesis of the conjecture are at least very close to being hamiltonian. Theorem 4 Let G be a balanced bipartite graph of order 2n with (G) 3. If for every balanced independent set S with jSj = 4 we have jN(S)j > n then G is hamiltonian or G contains a cycle C of length 2n ? 2 with an edge in G ? C.
As an immediate consequence we get:
Corollary 1 Let G be a balanced bipartite graph of order 2n with (G) 3. If for every balanced independent set S with jSj = 4 we have jN(S)j > n then G is traceable.
Theorem 5 Let G be a balanced bipartite graph of order 2n with (G) 3. If for every balanced independent set S with jSj = 4 we have jN(S)j > n then G has a 2-factor, unless G = H 14 .
We denote by V (G) and E(G) the vertex set and the edge set of a (simple, nite, undirected) graph G. Let H be a xed subgraph of G. Then G ? H denotes the subgraph induced by V (G) n V (H). For a cycle C of G we always assume an orientation, which is arbitrary but xed unless the orientation is explicitly speci ed.
The successor and predecessor of a vertex v of C according to the orientation of C is v + and v ? , respectively. The cyclic distance of two vertices of C is their distance in C (and not in G). For unde ned graph theoretical concepts the reader is referred to introductory literature, e.g. 1].
In the proofs we need that the graphs are connected and contain a perfect matching.
Lemma 1 Let G be a balanced bipartite graph of order 2n with (G) 2. If for every balanced independent set S with jSj = 4 we have jN(S)j > n then G is connected.
Proof. Take a balanced bipartition X Y of V (G) and suppose that there are distinct components G 1 and G 2 of G. As (G) 2 each component has at least two vertices in X and in Y . We may assume that jV (G 1 We will start with the proof of Theorem 5.
Proof of Theorem 5.
As G contains a perfect matching by Lemma 2, it certainly has a spanning subgraph consisting of vertex disjoint even length cycles and odd length paths. Let H be such a spanning subgraph, which has (i) the largest number of vertices contained in cycle components, (ii) subject to (i) the least number of components, and (iii) subject to (i) and ( So we may assume that v 1 and v 2 have all neighbors in one cycle, say C. Let w 1 and w 2 be neighbors of v 1 and v 2 , resp., which have largest cyclic distance on C. By (i) the cyclic distance must be at least jQj + 1 3. If the cyclic distance exceeds 3 then S = fw + 1 ; w ? 1 ; w + 2 ; w ? 2 g is a balanced independent set, as any edge between them causes one or two cycles spanning V (Q) V (C), which contradicts (i). Now x a perfect matching M 0 of G which contains the edges v 1 w 1 and v 2 w 2 and takes the remaining edges from E(H). It is easy to see that such a matching exists. On the other hand, if for any edge of M 0 both ends have a neighbor in S then we obtain a subgraph of independent cycles covering H 0 and Q, which again contradicts (i).
So, nally, assume that w 1 and w 2 have cyclic distance 3. It is easy to observe that in this case jQj = 2, jCj = 12, C = x 1 ; x 2 ; : : : ; x 12 ; x 1 , such that v 1 is adjacent to x 1 and x 7 and v 2 is adjacent to x 4 and x 10 . Consider the edges E 0 = fv 1 v 2 ; x 2 x 3 ; x 5 x 6 ; x 8 x 9 ; x 11 x 12 g. Note that for each edge e 0 2 E 0 there is a 12-cycle in V (Q) V (C) avoiding e 0 . Furthermore, any edge joining two edges of E 0 would cause a 2-factor of V (Q) V (C), contradicting (i). So, in particular, we may assume that S = fx 2 ; x 5 ; x 8 ; x 11 g is a balanced independent set and jN(S) \ (V (Q) V (C))j 8. This contradicts (ii). If f joins S to another cycle C 0 then we obtain a spanning dumb-bell of V (Q) V (C) V (C 0 ). As above, for a maximal dumb-bell (*) holds, 
